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An Ideal Topology for General Binary Systems

T. N. Bhargava and Sigrid E. Ohm

A halfgroupoid is a very general algebrailc system consisting
of a nonvoid set on which is defined a binary operation, meeting
only the requirement of closure, for none or some or all of the
possible pairs of elements in the set. In case the operation is
defined for all palrs of elements in the set, the system 1s called
a groupold. The theory of groupoids, which is rather recent, has
6een investigated by several people, notably Birkhoff [2], Boravka
[3], Bruck [4], and Doyle and Warne [5]. Topological groupolds
have been considered mainly by SUlka [9], and Warne [10]. Finally
Hanson [6] has studied in his doctoral dissertation connections
between binary systems (groupoids) and admissible topologles. How-
ever no study of the properties of halfgroupoids seems to have been
made possibly because of the extremely general structure of a
halfgroupoid. That these halfgroupoids have some interesting
properties was shown by Ohm [8]. In this paper our object is to
present a study of an ideal topology associlated with halfgroupoids,
and to show an interesting connectidn between such an ideal topology
and the digraph topology obtained by Bhargava and Ahlborn [1] in
a study'of topologlcal properties of directed graphs.

Sectlon 1. Halfgroupoids.

A nonvoid subset S of a halfgroupoid H is called a subhalf-
groupoid if and oﬁly if S*ScS. A nonvold subset A of a halfgroupoid
'H is called an antihalfgroupoid if and only if A+Ac K where A denotes

‘the complement of set A.

A left (right) ideal for a halfgroupoid H is a subset I;,(Ig)cH
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such that H-IL(IR)<:IL(IR). A two-sided ideal is a subset ICH
which 1s both a left and a right ideal. A point ideal is any ideal
consisting of a,single element. The empty set is considered a
frivial ideal, either left, right, or two-sided.

Let a,b ¢ H; then a is a right factof of b and b 1is a left
multiple of a, denoted by a/b, if theré exisfs an element ¢ ¢ H
such that e+a = b. An element a ¢ H is prime‘if the set of right
factors of a is the empty set or {a} itself. ' An element which is
not prime is called composite. An element d e H for which a+*a = a
is called an idempotent element. An element a € H is a right zero
element if for all b ¢ H, b*a = a. An element a ¢ H is a right
unit element if for all » € H, bea = b.

Definitions corresponding to right ideals or two-sided ideals
can be made in an obvious manner but are not given here because

throughout this paper we limit ourselves to left ideals only.



Section 2. The L-Topology

Let T;,k,I5 be the families of all left, right,and two-sided
ideals respectively for a halfgroupoid H.
THEOREM 2.1 The family I, (or1,, orT,) constitutes a topology

with the property of cbmpZeteZy additive closure.

Remark 2.1 The family of all possible left, right and two-sided
ideals does not, in general, constitute a topology. For example,

for the halfgroupoid H defined by

the family of allﬁ_,$sible ideals, left, right or two-sided, is
{¢,H,{a,e},{b,c}} but {a,c}N{b,c} = {c} £1 orI. However
TI}’TR taken as a subbase does give us a topology.

Remark 2.2 Two halfgroupoids with same elements but different

operations may have identical left ideal topologies. For example

a b e d , a b e d

al~- e e d alb - ¢ a

H1= ble b - - Ho= b l- a e d
el- a e a V 1 c|b e - -

dib - - b dlb e - e

have exactly same topologies.

Throughout the rest of this paper we call the left ideal topology

IL as L-topology and denote it simply by I . An element I; of IL
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" is denoted simply as Y.

THEOREM 2.2 The topological space (H,1) is connected i1f, and
only if, there does not exist an I in 1 such that I is a subhalf-

groupoid and (I-i}f’I=¢.

THEOREM 2.3 The topological space (H,D-satisfies T, if, and only
if, for every a in H there exists a point ideal I, in 1 such that

for all b, distinct from a, b is not a right factor of a.

Proof: Let a belong to H. If a is a right zero element, then
He{a}C{a}, so that {a} is a point ideal. If a is not a right zero
element and there exists some Ia in I containing no right factor of

a and no other element except a, then I 1s a point ideal. If I,
does contain an element b#a, then Ia(WfZﬁ also contains b but not a

and is therefore an open set in I. Thus in every case T, 1is satisfied.
Conversely, suppose the condition is not met, i.e. for some

right nonzero «a in‘H the point ideals I, in I contain at least one more ele

ment, other than a, which is a right factor of a. Thenlﬁ{Ia}

contains some element b#a, where b is such that b/a. Since b/a,

there exists an x in H such that x:b = a so that a belongs to H-I,
for any arbitrary Ip in 1 ; but H-I;QI; so that a belongs to every Ib‘

Hence (H;I) does not satisfy axiom To.

Remark 2.3 For the halfgroupoid

the topological space (H,I ) does not satisfy TO.
4
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THEOREM 2.4: The topological space (H,1) satisfies T, if, and
1f, every element of H is a point ideal; or equivalently if, and

1f, every element of H is a right zero element.

Remark 2.4 Let

a b e a b e

ala b e ala b e

Hy= bla b b , Hy= bjia b e
ela b e cla b ¢

(Hy,I) satisfies T, but not Ty; and (Ho,I ) satisfies Ty.

Remark 2.5 The topological space (H,I) is completely character-
by the conditions of Theorem 2.5, so that all the other separa-

axioms Ty (i>1) imply Ty .



Section 3. Continuity of Operation.

Following is a rather strong sufficient condition for the binary

operation in a halfgroupoid H to be continuous:

THEOREM 3.1 If every composite element ¢ of a halfgroupoid H is
such that every right factor b of ¢ belongs to every point ideal
Lo containing ¢ then the binary operation in H is continuous under

the L-topology.

Proof Let a,b,c be any arbitrary elements in H such that
a*b=c. If b=c, then I,*I1,CI, for every I, and I, inI. If b#e,
then ¢ is composite and b belongs to every I, in I. Thus b belongs

to IxNI, for every Ip,I, inI . Let Ianc=Ié; then I I;CI; cI,.
Remark 3.1 That the above condition is not necessary is shown

by the following example:

, T=1¢,H, {b},la,b}}

The operation is continuous with respect to L-topology I ; and
asa=b, i.e. a/b;n{Ib}={b} so that a ¢(1{Ib}.

As a matter éf fact something much stronger is true: Let H be
a halfgroupoid on k elements for which the L-topology fails to give
continuity. Then there exist a,b in H such that a*b=ec, and
1,1, ¢Ic. Let H'=H'U{x},xéH. We define a halfgroupoid on H' by
defining the operation in H' to be precisély that of H. Hence all
elements of HCH' have the same minimal left ideals as in H. Thus
for each k>3 there exist halfgroupoids for which the mihimal left

ideals do not yield continuous operations.
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Remark 3.2. The contilnulty of operation in I can be, however,
achieved by modifying the original operation in the following way:
Let the operation be defined in such a manner that if a,b beléng to
H, and Ia’ Ib are minimal left ideals containing a and b respectively,
then I,-I;CIyp, ﬁhene#er a*b is defined, and I, .; is the minimal
left ideal containing a-b. '



Section 4. A connexion with digraphé.

A digraph (directed graph) r(A,E) consists of a set A and a
subset E of the cartesian product AxA. The points of A are called

as vertices and the elements of E as diedges.

DEFINITION 4.1 The digraph topology T on T(A,E) is the family
of all subsets BCA such that (BxB)NE=g#. That is, the set BCA is
open under T if there are no edges»in E which emanate from subset B
and terminate in subset B. (Bhargava and Athbrn [z21).

Ii has been shown in [1] that the mapping of the set of all possible
digraphs, on a fixed set 4, onto the set of all digraph topologies
18 a many-to-one correspondence. This, as we have seen earlier in
this paper, is also true of the mapping of the set of all possible

halfgroupoids, on a fized set A, onto the set of all L-topologies.

Let H be the class of all halfgrdupoids on a fixed set A, and let
D be the class of all digraphs on the same set A. Mappings between
H and D can be constructed such that under these mappings the set
HI )={H ¢ H: 1 is the L-topology on H} corresponds to the set
D(T)={D ¢ P: T is the digraph topology D}, whereI and T are
identical topologies. _
First of all we note that a binary operation defined for a set A can
bé considered as a set F of ordered triples, that is dcF<C AxXAxA;
in terms of our original definition we have F={{((a,b),c): a*b=c in H}.
Let (A,F) denote a halfgroupoid on A with binary operation F, and let
(A,E) denote a digraph on set A. Then

H={(A,F): dCF CAXAXA; F={((a,b),c) : asb=ec in A}},

and D={(A,E): §CE CAxA ; E={(a,b): a,beA}}.
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Let ?: fEEEPD, such that #(H,F)=(H,E) where E={(c,b): ((x,b),c) e F}

t .
Let ;zf':vi—n—)oH, such that ¢'(H,E)=(H,F) where F={{(e,b),e): (e,b)e E}.

The followlng theorem shows that these mappings 4 and g', both of
which are many-to-one, establish, in a certain sense, a topological
correspondence between halfgroupoids and digraphs in such a manner

that the L-topology is exactly the same as the digraph topology.

THEOREM 4.1 et 4: HZ5%D, g1: 025°4, MO ), and D(T) be

defined as above.. Then J(HM) )= D(T), and L' (D(T))=H(T).

The proof of this theorem is quite simple and straightforward, but
a little lengthy, and hence is omitted. It may be found in Ohm [8],

which also contains some other details and relevant results.
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